Warped cones are metric spaces introduced by John Roe from discrete group actions on compact metric spaces to produce interesting examples in coarse geometry. We show that a certain class of warped cones OΓ(M ) admit a fibred coarse embedding into a Lp-space (1 ≤ p < ∞) if and only if the discrete group Γ admits a proper affine isometric action on a Lp-space. This actually holds for any class of Banach spaces stable under taking Lebesgue-Bochner Lp-spaces and ultraproducts, e.g., uniformly convex Banach spaces or Banach spaces with nontrivial type. It follows that the maximal coarse Baum-Connes conjecture and the coarse Novikov conjecture hold for a certain class of warped cones which do not coarsely embed into any Lp-space for any 1 ≤ p < ∞.
Introduction
Warped cones were introduced by John Roe [39, 41] . Typically, a warped cone O Γ (M ) is constructed from the action of a finitely generated group Γ on a compact Riemannian manifold M by diffeomorphisms. It is a metric space whose underlying topological space is the open cone OM on M , but whose coarse geometry produces large groups of translations. It was shown in [41] that the warped cone construction is sufficiently flexible to create examples of metric spaces which do or do not have Yu's property A, or which do not admit a coarse embedding into Hilbert space. Coarse geometry of warped cones over rotations on the circle was studied afterwards in [23] .
Recently, warped cones were further studied in several very interesting works [13, 37, 42, 44, 43] . In [13] , C. Druţu and P. Nowak constructed ghost projections for warped cones from certain actions with a spectral gap, and conjectured that such warped cones provide new counterexamples to the coarse Baum-Connes conjecture. In [42] , D. Sawicki provided first examples of warped cones which coarsely embed into Hilbert space but do not have property A and, along the way, founded out sevaral formulas simplifying calculation of the warped metric. In [37] , P. Nowak and D. Sawicki showed that, due to spectral gaps of group actions, warped cones like O F2 (SU(2)) does not coarsely embed into any L pspace for any 1 ≤ p < ∞. In [44] , F. Vigolo discovered that a large class of warped cones in which the group action is expanding in measure contain a family of expanders and hence do not coarsely embed into any L p -space. In [43] , D. Sawicki showed that for many sources of actions Γ Y and any Banach space X, the levels of the warped cone O Γ (Y ) are expanders with respect to X if and only if the induced representation of Γ on L 2 (Y ; X) has a spectral gap.
On the other hand, a notion of fibred coarse embeddings for metric spaces was introduced by X. Chen, Q. Wang and G. Yu in [8] as a far-reaching generalization of Gromov's notion of coarse embeddings. It was shown in [8] that the maximal coarse Baum-Connes conjecture holds for metric spaces of bounded geometry which admit a fibred coarse embedding into Hilbert space. This class of spaces includes all expander graphs with large girth and all box spaces of residually finite groups with the Haagerup property. It was shown in [6] that a box space {Γn} Γ of a residually finite group Γ admits a fibred coarse embedding into Hilbert space if and only if the group Γ has the Haagerup property. Furthermore, it was actually shown in [6] that if Γ admits a proper isometric action on a metric space Y , then any box space {Γn} Γ admits a fibred coarse embadding into Y . Very recently, S. Arnt showed in [1] that the converse of this last statement for L p spaces (or other stable classes of Banach spaces) is also true. Consequently, a box space {Γn} Γ of a residually finite group Γ admits a fibred coarse embedding in a L p space (1 ≤ p < ∞) if and only if the group Γ admits a proper affine isometric action on a L p space.
In this paper, we shall investigate the connection between fibred coarse embeddability of warped cones and existence of proper affine isometric actions of discrete groups on Banach spaces. Note that a large class of transformation groups (Γ, M ) admits a linearization by unitary operators in a Hilbert space, see Section 2.1 below for details. This allows us to show in Section 3 that, for such type of dynamics, if Γ admits a proper affine isometric action on a L p -space or a ℓ p -space, then the warped cone O Γ (M ) admits a fibred coarse embedding into a L p -space or a ℓ p -space, respectively. It follows that, for example, the warped cone O F2 (SU(2)) admits a fibred coarse embedding into Hilbert space and, by applying in addition with G. Yu's results in [50] , that certain warped cones of actions by hyperbolic groups admit a fibred coarse embedding into an ℓ p space with large p > 2. In sections 4, we discuss the converse direction of the above results, namely, the implication from fibred coarse embeddability of warped cones to proper affine isometric actions of discrete groups on Banach spaces. The results in Section 3 and Section 4 work very well in the case of finitely generated dense subgroups Γ of compact metrizable groups G. These are specified in Section 5 where we summarize that, for example, the warped cone O Γ (G) admits a fibred coarse embedding into a L p -space if and only if Γ admits a proper affine isometric action on a L p -space. The class of L p spaces here can be replaced by any other class of Banach spaces E which are stable under taking ultraproducts and taking Lebesgue-Bochner spaces L p (Ω, µ; E). In section 6, we apply results of previous sections to higher index problems on warped cones. It turns out that the maximal coarse Baum-Connes conjecture holds for a large class of warped cones, including e.g. O F2 (SU(2)), which do not coarsely embed any L p space for any 1 ≤ p < ∞, and the coarse Novikov conjecture holds for a larger class of warped cones, including warped cones over certain actions by hyperbolic groups.
Warped cones and linearization of transformation groups
In this section, we shall recall the notions of warped metric and warped cones introduced by John Roe [41] , together with some results in literature on linearization of transformation groups which we need in construction of warped cones for group actions on general compact metrizable spaces.
Let (X, d) be a proper metric space and let Γ be a group acting by homeomorphisms on X, provided with a finite generating set S. The warped metric δ Γ on X [41] is the greatest metric that satisfies the inequalities
For γ ∈ Γ, let |γ| denote the word length of γ relative to the generating set S. Let x, y ∈ X. The warped distance from x to y is the infimum of all sums [41] 
It was shown in [41] that the warped metric is a proper metric. The coarse structure induced by the warped metric does not depend on the choice of the generating set S for Γ, nor on the choice of metric d within the coarse structure of X. Let M be a smooth compact manifold. The open cone X = OM on M is defined in two equivalent ways [41] :
(a) Embed M smoothly in a high-dimensional sphere S N −1 , and let X be the union of all the rays through the origin of R N that meet the embedded copy of M ; equip X with the metric (distance function) induced from R N .
as a manifold, equipped with the Riemannian metric t 2 g M + g R , where g M is the Riemannian metric on M , and g R is the standard Riemannian metric on R, and t is the coordinate on R.
It is straightforward to show that up to coarse equivalence these constructions are independent of the choices involved and, moreover, that both constructions yield coarsely equivalent spaces X. Definition 2.1 (Warped cones on smooth compact manifolds [41] ). Let M be a smooth compact manifold, and let Γ be a finitely generated group acting on M by homeomorphisms. 
Definition 2.2 (Warped cones on general compact metric spaces [13, 42] Then the warped metric δ Γ on the cone OY is given by the formula
If Γ acts on (X, d X ) by isometries, then the warped metric can be vastly simplified:
Another way to construct open cones is to embed the compact metric space into a separable Hilbert space, which is always possible. Note that distinct embeddings can give rise to coarsely distinct open cones. For purpose of this paper, we need stronger embeddings taking into account of group actions, as specified in the following subsection.
Linearization of transformation groups
Let G be a topological transformation group acting on a metrizable space M . It is well known that M can be topologically embedded in a Euclidean space R N if it is finite dimensional, and in a Hilbert space H in all cases. What happens to the action of G in the process? The following notion was introduced in [2] : Definition 2.5 (P. C. Baayen and J. De Groot [2] ). Let G be a topological transformation group acting on a metrizable space M . If M can be embedded in a Hilbert space H in such a way that the transformations γ ∈ G become restrictions of continuous linear mappings of H onto it self, we say that the system (G, M ) can be linearized in H.
There were extensive researches in history in improving the behavior of transformations. In the following, we only cite several results relevant to this paper. In 1957, G. D. Mostow proved the following theorem. Theorem 2.6 (G. D. Mostow [29] ). If M is a compact manifold and G is a compact Lie group of homeomorphisms of M , then the action of G can be linearized by orthogonal transformations of a Euclidean space R N .
Recall the Nash embedding theorem [30] asserts that any Riemannian manifold possesses an isometric embedding into a Euclidean space of sufficiently large dimension (isometric means preserving the length of every path). In 1980, J. D. Moore and R. Schlafly proved an equivariant version of Nash's embedding theorem as follows: Theorem 2.7 (J. D. Moore and R. Schlafly [28] ). If M is a compact Riemannian manifold and G is a compact Lie group which acts on M by isometries, there is an orthogonal representation ρ of G on some Euclidean space R N and an isometric embedding from M into R N which is equivariant with respect to ρ.
In the above theorem, the representation ρ can be regarded as a Lie group homomorphism from G into the orthogonal group O(N ) which acts on R N by rotations and reflections. A smooth map f : M → R N is equivariant with respect to ρ if and only if f (γx) = ρ(γ)f (x), for all γ ∈ G and x ∈ M . For more general transformation groups, P. C. Baayen and J. de Groot showed in 1968 that, for an extensive class of locally compact transformation groups (G, M ), there exit a topological embedding of M in a Hilbert space H such that the transformations γ ∈ G become restrictions of invertible bounded linear operations in H. In particular, if G is compact, it is even possible to linearize G by unitary operators of H. Theorem 2.8 (P. C. Baayen and J. de Groot [2] ). Let G be a topological transformation group acting on a metrizable space M . If G is either compact, or countable, or locally compact abelian, or compactly generated, its action can be linearized in a Hilbert space H. If G is a compact, it is possible to liearize G by unitary transformations in a Hilbert space H.
In this paper, we shall define warped cones over group actions on general compact metrizable spaces by taking into account of linearization of the transformation groups. Let M be a compact metrizable space, and let Γ be a finitely generated group acting on M by homeomorphisms. Suppose (Γ, M ) can be linearized by unitary operators in a Hilbert space H. By identifying H with a hyperplane of H ⊕ C by the mapping ξ → (ξ, 1) if necessary, we may assume that M is embedded into the unit sphere of H. Then the open cone OM of M is the subspace of H consisting of all the rays through the origin that meet M , and the group Γ acts on OM by restrictions of unitary operators in H. Example 2.10. Let Γ be a residually finite group, and let {Γ n } ∞ n=1 be a nested sequence of finite index normal subgroups with trivial intersection. Let G := Γ((Γ n )) be the corresponding profinite completion. Then G is a compact metrizable group containing Γ as a dense subgroup. It follows that the system (Γ, G) can be linearized in a Hilbert space H by unitary operators. The warped cone O Γ ( Γ((Γ n ))) in linearization by unitary operators is defined as above.
Fibred coarse embeddability of warped cones into Banach spaces
In this section, we shall study fibred coarse embeddability into Banach spaces for a class of warped cones in which the acting group admits a proper affine isometric action on a Banach space. We first recall the concept of fibred coarse embedding into Banach space for a metric space, introduced in [8] , which is a generalization of Gromov's notion of coarse embedding [14] . Let E be a Banach space, as a model space. • a field of Banach spaces (E x ) x∈X over X;
• two non-decreasing functions ρ 1 and
such that for any r > 0 there exists a bounded subset K ⊂ X for which there exists a "trivialization"
for each subset C ⊂ X\K of diameter less than r, i.e. a map from (E x ) x∈C to the constant field C × E over C such that the restriction of t C to the fiber E x (x ∈ C) is an affine isometry t C (x) :
(2) for any two subsets C 1 , C 2 ⊂ X\K of diameter less than r with C 1 ∩C 2 = ∅, there exists an affine isometry t C1C2 :
Before stating the main result of this section, we fix some notations. Let E be a Banach space and H a Hilbert space. For any 1 ≤ p < ∞, we denote by E ⊕ p H the ℓ p -direct sum:
Let Γ and X be metric spaces. We denote by Γ × 1 X the ℓ 1 -product space:
Note that if Γ and X admit coarse embedding into E and H, respectively, then Γ × 1 X admits a coarse embedding into E ⊕ p H. (A more general situation for coarse embedding product metric spaces into ℓ p -spaces was carefully presented by D. Sawicki in Proposition A.3 in [42] .) The main result of this section is the following theorem.
Theorem 3.2. Let M be a compact metrizable space and let Γ be a finitely generated group acting on M by homeomorphisms. Suppose
(1) the system (Γ, M ) admits a linearization in a Hilbert space H by unitary operators;
(2) M contains a dense and free orbit of Γ;
(3) Γ admits a proper affine isometric action on a Banach space E.
Then, for any 1 ≤ p < +∞, the warped cone O Γ (M ) admits a fibred coarse embedding into the Banach space E ⊕ p H.
Proof. Since the system (Γ, M ) can be linearized in the Hilbert space H by unitary operators, we may assume that the open cone OM is a subset of H, and γ ∈ Γ acts on OM by restrictions of unitary operators U γ on H, where γ → U γ denotes the unitary representation of Γ on H in the linearization.
Let α be the proper affine isometric action of Γ on the Banach space E. Then there exist a linear isometric representation π of Γ on E and a 1-cocycle
for all γ ∈ Γ and ξ ∈ E. The action α is metrically proper in the sense lim |γ|→∞ b γ = +∞.
If follows that the map
is a coarse embedding. Namely, there exist non-decreasing maps ρ 1 and ρ 2 on [0, +∞) tending to infinity, such that for any pairs of elements (
To show that the warped cone O Γ (M ) admits a fibred coarse embedding into E ⊕ p H, we take the control functions ρ 1 and ρ 2 as above, and a field of Banach spaces to be (
is defined as follows.
To start with, since M contains a dense and free orbit of Γ by condition (2), there exists a point P 0 ∈ M such that the orbit ΓP 0 is dense in M , and
To simply notation, without loss of generality, in the following we shall abuse notion to assume M = ΓP 0 , so that for any x ∈ M there exists a unique γ x ∈ Γ such that x = γ x P 0 .
For t > 1, denote by O Γ (M ) t and O Γ (M ) [t,∞) the t-level set and the [t, ∞)-part of the warped cone, respectively. Denote
by the formula:
Next, we construct "local trivializations" outside bounded subsets of the warped cone. For any R > 0, choose t R > 0 large enough such that for any
Ball OM gx, 10R , and the balls Ball OM gx, 10R in the open cone OM for the group elements g ∈ Γ with |g| ≤ 10R are mutually disjoint.
Let
Then, for any x ∈ C, there exist a unique z ∈ Ball OM (z C , 3R) and a unique g ∈ Γ such that x = gz. Note that x and z are in the same t-level set of the warped cone, i.e. t(x) = t(z), where, for a point w = (y, t) ∈ O Γ (M ), we denote the R coordinate t of w by t(w).
There exist unique group elements γ zC , γ z , γ x ∈ Γ such that
Hence,
Define a trivialization on C:
in such a way that, for each x ∈ C, an affine isometry is given by the formula:
where, by abusing notation, the first component γ (1) and (2) in Definition 3.1 of fibred coarse embeddability for the above constructioins.
The requirement (1) in Definition 3.1. For any x, x ′ ∈ C, there exist unique
restrictions of unitary operators on the Hilbert space H, we have
Consequently, we have
by the formula ( * ) above. That is, the requirement (1) is fulfilled. The requirement (2) in Definition 3.1. Suppose we have subsets
Then the affine isometries at x in trivializatioins over C 1 and C 2 are respectively the following mappings:
Note that there exists γ ∈ Γ such that γz 1 = z 2 . Since
On the other hand, z 1 = γ z1 P 0 , z 2 = γ z2 P 0 . It follows that γγ z1 P 0 = γ z2 P 0 , or equivalently,
z2 . Consequently,
Hence, we arrive at an affine isometry for C 1 ∩ C 2 :
which is independent of particular elements
That is, the requirement (2) is fulfilled. This completes the whole proof.
From coarse geometry of warped cones to proper group actions
In this section, we seek certain converse implications of the previous sections, i.e., fibred coarse embeddability of warped cones implies proper affine isometric actions of the discrete groups on various Banach spaces. The warped cones in this section are defined as in Definition 2.2. The main result of this section is as follows:
Theorem 4.1. Let M be a compact metric space and let Γ be a finitely generated group acting on M freely by isometries. Assume M is endowed with a finite Γ-invariant regular Borel measure µ. If the warped cone O Γ (M ) admits a fibred coarse embedding in a Banach space E, then Γ admits a proper affine isometric action on the ultraproduct L p (M, µ; E) U , for any p ∈ [1, +∞) and any non-principal ultrafilter U on the natural numbers N, where L p (M, µ; E) is the Lebesgue-Bochner spaces.
The proof is motivated by a recent work of S. Arnt [1] , where in particular it is observed that R-local proper affine isometric actions of the group pass to a proper affine isometric actions of the whole group by taking ultralimits. This is made precise as follows.
Let Γ be a finitely generated group, and R > 0 be a real number. Let X be a set. A map α : Γ × X → X is said to be a R-local action of Γ on X if: (1) for all g ∈ Γ such that d(e, g) < R, α(g) : X → X is a bijection; (2) for all g, h ∈ Γ such that d(e, g), d(e, h) and d(e, gh) are less that R, α(gh) = α(g)α(h).
Let E be a Banach space. A map π : Γ × E → E is said to be a R-local isometric representation of Γ on E, if π is a R-local action of Γ on E and for all g ∈ Γ such that d(e, g) < R, π(g) : E → E is a linear isometry. In this case, a map b : Γ → E such that, for all g, h ∈ Γ such that d(e, g), d(e, h) and d(e, gh) are less that R, b(gh) = π(g)b(h) + b(g), is called a R-local cocycle with respect to π.
Let E be a Banach space. A map α : Γ × E → E is said to be a R-local affine isometric action of Γ on E if it can be written as α(g)(·) = π(g)(·) + b(g) where π is a R-local isometric representation and b is a R-local cocycle with respect to π.
Lemma 4.2 (S. Arnt [1]
). Let Γ be a finitely generated group and (E R ) R∈N be a family of Banach spaces. Let E U be the ultraproduct of the family (E R ) R∈N with respect to a non-principal ultrafilter U on N. Assume that, for each R ∈ N, Γ admits a R-local affine isometric action α R on E R with α R (g)(·) = π R (·) + b R . If for all g ∈ Γ, the sequence (b R (g)) R∈N gives rise to an element in E U , then, by passing to ultralimit, there exists an affine isometric action α of the whole group Γ on the ultraproduct E U .
Now we are ready to prove the main theorem of this section.
Proof of Theorem 4.1. Without loss of generality, assume µ(M ) = 1. For t > 1, denote by O Γ (M ) t the t-level set of the warped cone O Γ (M ). This is the space M with the warped metric δ Γ which is obtained by warping the metric td M along the Γ-actions.
For any R > 0, denote Γ R = {γ ∈ Γ : |γ| < R}. Since M is compact and the Γ-action is free, there exists t R > 0 large enough such that δ Γ (x, γx) = |γ| for all x ∈ O Γ (M ) tR and γ ∈ Γ R . Since the Γ-action is by isometries, one can further choose t R large enough such that, for any
Since the warped cone O Γ (M ) admits a fibred coarse embedding into the Banach space E as in Definition 3.1, one can choose t R even larger such that for any subset C ⊂ O Γ (M ) tR of diameter less than R, there exists a trivialization
consisting of affine isometries t N10R(C) (x) : E x → E for all x ∈ N 10R (C) satisfying the conditions (1) and (2) in Definition 3.1, where
denotes the 10R-neighborhood of C in the warped cone O Γ (M ).
Take a finite Borel partition
as appeared in the condition (2) in Definition 3.1. Denote by u C ′ ,C the linear part of t N10R(C ′ ),N10R(C) . Then, for any vectors v, w ∈ E,
and for any
In considering the Lebesgue-Bochner space L p (M, µ; E), we identify O Γ (M ) tR with M , and denote by
for all ξ ∈ L p (M, µ; E) and x ∈ M . Moreover, for any C ∈ C R and ξ ∈ L p (M, µ; E), we denote by ξ |C the restriction of ξ on C, i.e.
for all x ∈ C for any C ∈ C R , and γ ∈ Γ R . In the rest of the proof, we verify that these α R are indeed R-local affine isometric actions as required. To begin with, it is easy to see that π R γ is a linear isometry for any γ ∈ Γ R . Indeed,
Similarly, since for all γ ∈ Γ R and all x ∈ C for any C ∈ C R , we have
it follows that, for all γ ∈ Γ R ,
for all γ 2 , γ 1 ∈ Γ R with γ 2 γ 1 ∈ Γ R . Indeed, we have
We also have
For any x ∈ C ′ , there exits a unique C ∈ C R such that γ −1 2 x ∈ C. It follows that, for these C ′ and C, we have
This proves Claim 2. Note that we already have the controlling inequalities ( * * ), i.e., for all γ ∈ Γ R ,
. Passing to ultralimit, by using Lemma 4.2, we complete the proof.
Recall that a discrete group Γ has Gromov's a-T-menability [10] , or the Proposition 4.3. Let M be a compact metric space and let Γ be a finitely generated group acting on M by homeomorphisms. Assume that M is endowed with a finite Γ-invariant measure µ and there exits a subset P ⊂ M of positive measure on which the action of Γ is free. If the warped cone O Γ (M ) admits a fibred coarse embedding into Hilbert space, or more generally, O Γ (M ) is asymptotically (coarse) embeddable into Hilbert space in the sense of Rufus Willett in [46] , then the group Γ has the Haagerup property.
Proof. Without loss of generality in the proof, assume that P = M and µ(M ) = 1. Suppose O Γ (M ) admits a fibred coarse embedding into Hilbert space H, as in Definition 3.1 with E = H. For any R > 0, there exits t R large enough such that for all x ∈ O Γ (M ) tR and γ ∈ Γ with |γ| < R, δ Γ (x, γx) = |γ|, and for any C ⊂ O Γ (M ) tR of diameter less R, there exists a trivialization t C consisting of a family of affine isometries t C (x) : H → H for all x ∈ C satisfying the conditions (1) and (2) in Definition . Hence, we obtain a well-defined R-local conditionally negative definite kernel O Γ (M ) tR :
Then h R is a R-local (right-hand) conditionally negative definite function on Γ,
i.e., the kernel (
2 ) is a R-local conditionally negative definite functions on Γ × Γ. Moreover, for all γ ∈ Γ with |γ| ≤ R,
By passing to a subsequence and taking limit, we can arrive at a conditionally negative definite function h(γ) = lim k h R k (γ) on the whole Γ which is metrically
proper. This is the Haagerup property of Γ.
5 Finitely generated dense subgroups of com-
pact metrizable groups
The results of the previous sections apply very well to the case of finitely generated dense subgroups of compact metrizable groups. Note that the Banach spaces involved in Theorem 3.2 and Theorem 4.1 can be replaced by Banach spaces in any other class B of Banach spaces which is closed under taking ℓ pdirect sums, the Lebesgue-Bochner L p -spaces and ultraproducts, i.e.
For example, the class L p of all L p -spaces , the class of uniformly convex Banach spaces, or the class of Banach spaces with non-trivial type. We have the following summarization:
Theorem 5.1. Let G be a compact metrizable group, and Γ be a finitely generated dense subgroup of G acting on G by left translations. Then In particular, if Γ is a finitely generated dense subgroup of a compact Lie group G, then the above statements hold.
We discuss now some more concrete examples or counterexamples. Firstly, there are warped cones over a-T-menable groups that do not embed coarsely into Hilbert space, or more generally, into any L p -space, 1 ≤ p < ∞. J. Bourgain and A. Gamburd proved [4] that for appropriately chosen subgroups F n in SU(2), the action of F n on SU(2) has a spectral gap. They further generalized this result to SU(d) in [5] . P. W. Nowak and D. Sawicki [37] very recently showed that, due to spectral gaps, the associated warped cones O Fn (SU(d)) is not coarsely embeddable into any L p -space, 1 ≤ p < ∞. However, it follows from Theorem 5.1 above that O Fn (SU(2)) admits a fibred coarse embedding into Hilbert space. In general, Y. Cornulier proved in [11] that, if G is a compact Lie group, every countable subgroup of G has the Haagerup property if and only if G is locally isometric to SO (3) k × U(1) m for some integers k, m. Hence, the corresponding warped cones admit a fibred coarse embedding into a Hilbert space. Secondly, examples of dense property (T) subgroups of compact Lie groups can be found for instance with G = SO(5) [26] . It was shown early in [41] that O Γ (SO(5)) does not coarse embed into a Hilbert space. It follows from the above Theorem 5.1 that, even more, O Γ (SO(5)) does not admit a fibred coarse embedding into a Hilbert space. In general, Y. Cornulier proved in [12] that a compact Lie group admits a countable dense subgroup with property (T) if and only if no quotient of G is isomorphic either to SO(3) nor to U(1). The corresponding warped cones do not admit a fibred coarse embedding into Hilbert space.
Thirdly, consider a finitely generated group Γ with strong Banach property (T) [24] , that is, Property (T) with respect to all Banach spaces of non-trivial type. Examples of such groups include lattices in SL 3 (Q p ), as shown by V. Lafforgue [24] . This class was extended by B. Liao in [25] to connected almost F -simple algebraic groups whose F -split rank is at least 2, where F denotes a non-Archimedean local field. Let Y be a compact metric space on which Γ acts freely by measure-preserving isometries. It was shown in [37] that the warped cone O Γ (Y ) for Γ and Y does not embed coarsely into any Banach space with non-trivial type. It follows from Theorem 4.1 that actually O Γ (Y ) does not admit a fibred coarse embedding into any Banach space with non-trivial type.
In the rest of this section, let Γ = S be a finitely generated residually finite group, with {Γ n } n∈N a nested decreasing sequence of finite index normal subgroups of Γ with trivial intersection. We have the following sequence of epimorphisms
The inverse limit of this sequence, denoted by Γ((Γ n )), is call the profinite completion of Γ with respect to the sequence {Γ n }. This is a subset of the Cartesian product n∈N Γ/Γ n :
where q n : Γ/Γ n → Γ/Γ n−1 are the intermediate quotient maps. It follows that Γ((Γ n )) is a compact group, and the quotient maps π n : Γ → Γ/Γ n give rise to a homomorphism from Γ to Γ((Γ n )) with dense image. The kernel of this map is ∩ n Γ n . If the intersection is trivial, then the action of Γ on G by left multiplication is free. The group Γ((Γ n )) is metrizable and admits a Γ invariant measure, the Haar measure. A particular metric on Γ((Γ n )) is given by:
where a n is a sequence of positive numbers decreasing to zero in such a way that a n+1 < a n /diam(Γ/Γ n ) [42] .
Theorem 5.2 (Sawicki, [42] ). Let G = Γ((Γ n )) be the profinite completion of a finitely generated residually finite group Γ as above. TFAE:
• Γ is amenable;
• O Γ (G) has property A;
• The box space Γn Γ has property A.
D. Sawicki [42] also proved that coarse embeddability into Hilbert space for the warped cone O Γ (G) and the box space Γn Γ are equivalent, which in turn implies the Haagerup property of Γ. Generalizing this, we have the following result concerning fibred coarse embeddability and proper isometric actions. Theorem 5.3. Let G = Γ((Γ n )) be the profinite completion of a finitely generated residually finite group Γ as above. TFAE:
(1) The group Γ admits a proper affine isometric action on a L p -space; (3) follows from D. Sawicki [42] that the box space Γn Γ coarsely embeds in the warped cone O Γ (G). (3) =⇒ (1) follows from S. Arnt's main result in [1] .
As examples, recall that G. Yu proved in [50] that a Gromov hyperbolic group Γ admits a proper affine isometric action on ℓ p (Γ × Γ) with p ≥ 2. It follows from Theorem 3.2 that, if in addition Γ is residually finite and G = Γ((Γ n )) is as above, than the warped cone O Γ (G) admits a fibred coarse embeds into ℓ p (Γ × Γ). Note also that B. Nica proved in [31] that every non-elementary hyperbolic group Γ admits a proper affine isometric action on L p (∂Γ × ∂Γ), where ∂Γ denotes the Gromov boundary of Γ and p is large enough.
For groups with the Haagerup property, we summarize as follows:
Corollary 5.4. Let G = Γ((Γ n )) be the profinite completion of a finitely generated residually finite group Γ as above. TFAE:
• The group Γ has the Haagerup property;
• The warped cone O Γ (G) fibred coarse embeds into Hilbert space;
• The box space Γn Γ fibred coarse embeds into Hilbert space.
On higher index problems on warped cones
In this section, we apply results in previous sections to higher index problems on warped cones. It turns out that the maximal coarse Baum-Connes conjecture and the coarse Novikov conjecture holds for a certain class of warped cones which do not coarsely embed into any L p -space for any 1 ≤ p < ∞. Let X be a proper metric space with bounded geometry. Recall that The (maximal) coarse Baum-Connes conjecture [49, 8] is a geometric analogue of the Baum-Connes conjecture and provides an algorithm for computing the higher indices of generalized elliptic operators on non-compact spaces. It states that a certain assembly map µ (resp. µ max ) from lim d→∞ K * (P d (X)) to K * (C * (X)) or K * (C * max (X)) is an isomorphism, where K * (P d (X)) is the locally finite Khomology group of the Rips complex P d (X), and K * (C * (X)) and K * (C * max (X)) are respectively the K-theory groups of the Roe algebra and the maximal Roe algebra of X. The coarse Novikov conjecture states that the reduced assembly map µ is injective, which provides an algorithm to determine when the higher indices are non-zero. The assembly maps are illustrated in the following commutative diagram
where λ : C * max (X) → C * (X) is the canonical quotient map. These conjectures have many applications in topology and geometry.
Theorem 6.1 ([8] ). Let X be a discrete metric space with bounded geometry. If X admits a fibred coarse embedding into Hilbert space, then the maximal coarse Baum-Connes conjecture holds for X.
We also have the following result which can be proved similarly as in [7, 8, 9] .
Theorem 6.2. Let X be a discrete metric space with bounded geometry. If X admits a fibred coarse embedding into an L p -space with 1 ≤ p < ∞, then the coarse Novikov conjecture holds for X. Y. Cornulier proved in [11] that, if G is a compact Lie group, every countable subgroup of G has the Haagerup property if and only if G is locally isometric to SO (3) k × U(1) m for some integers k, m. As applications, we have the following results:
Corollary 6.4. Let G be a compact Lie group which is locally isometric to SO(3) k ×U(1) m for some integers k, m. Then for any countable subgroup Γ of G, the maximal coarse Baum-Connes conjecture and the coarse Novikov conjecture hold for the warped cone O Γ (G).
The coarse Novikov conjecture holds for somewhat wider class of warped cones.
Corollary 6.5. Let Γ be a finitely generated hyperbolic group and G be a compact metrizable group containing Γ as a dense subgroup. Suppose the warped cone O Γ (G) has bounded geometry. Then the coarse Novikov conjecture holds for O Γ (G).
In particular, we have the following: Corollary 6.6. Let Γ be a finitely generated residually finite hyperbolic group, and G = Γ((Γ n )) the corresponding profinite completion. Then the coarse Novikov conjecture holds for O Γ (G).
